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Abstract 
 
In this paper, we propose a new primality test, and then we employ this test to find 
a formula for π that computes the number of primes within any interval. We 
finally propose a new formula that computes the nth prime number as well as the 
next prime for any given number. 
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1. Introduction 
 
Since Euclid [12], primes and prime generation were a challenge of interest 
for number theory researchers. Primes are used in many fields, one just need to 
mention for example the importance of primes in networking and certificate 
generation [1]. Securing communication between two devices is achieved using 
primes since primes are the hardest to decipher [5]. 
The search for prime numbers is a continuous task for researchers. Some like 
[4] are looking for twin primes others like [11] are looking for large scaled prime 
numbers. The prime counting function is a function that gives the number of   
primes that are less than or equal to a given number. 
Many like [6] and others have presented the formula to compute the number 
of primes between 1 and a given integer n.  
This paper is divided as follow: in section ‎2 we present the primality test. In 
section ‎3, we introduce the prime counting function that we will use in section ‎5 
to find the next prime to any given number. In section ‎4, we conduct some results 
and build the n
th
 prime function. In section ‎6, we will use the primality test to 
compare our results with some recent results in the literature and conclude this 
paper. 
 
2. Primality test 
 
In the paper, we employ the Euclidian algorithm, Sieve of Eratosthenes and 
the fact that every prime is of the form 6k1where k an integer.  
Let x  be a real number, the floor of x , denoted by  x  is the largest integer 
that is less or equal to x . To test the primality of x  it is enough to test the 
divisibility of x  by all primes ≤  x . 
Let )(1 xS  be of the form  
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Similarly, let )(2 xS  be of the form 
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Theorem 1: If x is any integer such that g.c.d (x, 6) = 1  
 and
2
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(i) x is prime if and only if 1)( xS  
(ii) x is composite if and only if 1)(0  xS  
 
Proof: x  is prime   gcd ( ix, ) =1   11  xi   
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formulas of )(1 xS  and )(2 xS . 
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Similarly )(2 xS = 1 and consequently )(xS = 1 
The proof of the second part of the theorem is obvious. 
  
  
3. Prime Counting Function 
 
The prime counting function, denoted by the Greek letter π(n), is the number 
of primes less than or equal to a given number n. Computing the primes is one of 
the most fundamental problems in number theory. You can see [10] for the latest 
works regarding prime counting functions. 
Using the previous primality test, we define the following new form of the 
prime counting function π. 
Recall that 
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Then  )(iS
n
mi
  counts the primes between m and n where m ≤ n.  
And we can write a formula for π(n) as follows :  
  )(4)(
7
iSn
n
i


    (3.2) 
The size of this summation can be dramatically reduced by considering only i 
of the form 6j+5 or 6j+7.   
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Thus the following theorem is already proved. 
 
Theorem 5: 7x , )(x gives the number of primes .x  
 
4. The nth Prime Function 
 
We are now ready to introduce our new formula to find the n
th
 prime. The n
th
 
prime number is denoted by np    with 1p =2, 2p =3, 3p = 5 and so on. 
First we introduce )(xf
n
 as follows  
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For n = 1, 2, 3 … and x = 0, 1, 2 ...            (4.1) 
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For n = 1, 2, 3 … and x = 0, 1, 2 ...       (4.2) 
These functions have the property that 
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It is well known that   )1log(2  nnPn ; see [8] and [2] for more details. 
 
Using the following formula combined with the above formula for π 
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We use )(xf
n
as in (4.1) to obtain the following formula for n
th
 prime in full: 
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Or using )(xf
n
 as in (4.2) to obtain the formula for n
th
 prime in full: 
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These formulas are in terms of n alone and we do not need to know any of the 
previous primes. 
See [2] for formulas of the same nature.  
The Wolfram Mathematica implementation of nP  as in (4.5) is as follow: 
 
 
 
 
 
 
 
 
 
 
 
5. Next Prime 
 
The function nextp(n) finds the first prime number that is greater than a given 
number n. As in [9] and using S(x) as defined in section ‎2, it is clear that: 
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finally we obtain  
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We used the proposed primality test to implement nextp(n) as follow: 
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2) Set 16  km  
3) If 1)( mS then go to step 8 
4) Set 56  km  
5) If 1)( mS then go to step 8 
6) 1 kk  
7) Go to step 2 
8) Output the value of m 
 
 
A[x_] := (-1/(Floor[(Floor[Sqrt[x]])/6] + 1))* Sum[Floor[Floor[(x/(6 k + 1))] - (x/(6 k + 1))],  
       {k, 1, Floor[(Floor[Sqrt[x]])/6] + 1}] 
SB[x_] := (-1/(Floor[(Floor[Sqrt[x]])/6] + 1))* Sum[Floor[Floor[(x/(6 k - 1))] - (x/(6 k - 1))], 
       {k, 1, Floor[(Floor[Sqrt[x]])/6] + 1}] 
SS[x_] := (SA[x] + SB[x])/2 
PN[x_] := 4 + Sum[Floor[SS[6 j + 1]], {j, 1, Floor[(x - 1)/6]}] + Sum[Floor[SS[6 j - 1]],  
       {j, 1, Floor[(x + 1)/6]}] 
PT[x_] := 3 + 2 (Floor[x*Log[x]]) - Sum[Floor[(1/x)*(4 +   
     ( Sum[Floor[SS[6 j + 1]], {j, 1, Floor[(i - 1)/6]}] +  
             Sum[Floor[SS[6 j - 1]], {j, 1, Floor[(i + 1)/6]}]))],  
    {i, 7, 2 (Floor[x*Log[x]] + 1)}] 
The Wolfram Mathematica implementation of )(nnextp  is as follow: 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
6. Experimental Results 
 
We implemented our algorithm using Wolfram Mathematica version 8. Table 1 
shows the results for the n
th
 prime while table 2 shows the results for the next 
prime. Those experimental results show the complexity of our primality test 
 
 
 
 
 
 
 
Table 1: nth prime 
 
 
 
 
 
 
 
 
 
Table 2: Next prime 
 
References 
 
[1] ANSI. ANSI X9.31-1998: Digital Signatures using Reversible Public Key 
Cryptography for the Financial Services Industry. Appendix A, American 
National Standards Institute, 1998 
n
th
 prime 
n P(n) Value 
50 4.1s 229 
100 25.58s 541 
200 162.19s 1223 
250 286.4s 1583 
Next prime 
Next to  nextp(n) Value 
10^8 0.04s 100000007 
10^9 0.187s 1000000007 
10^10 2.012s 10000000019 
10^11 1.061s 100000000003 
10^12 43.68s 1000000000039 
10^13 132.242 10000000000037 
A[x_] := (-1/(Floor[(Floor[Sqrt[x]])/6] + 1))* Sum[Floor[Floor[(x/(6 k + 1))] - (x/(6 k + 1))],  
       {k, 1, Floor[(Floor[Sqrt[x]])/6] + 1}] 
SB[x_] := (-1/(Floor[(Floor[Sqrt[x]])/6] + 1))* Sum[Floor[Floor[(x/(6 k - 1))] - (x/(6 k - 1))], 
       {k, 1, Floor[(Floor[Sqrt[x]])/6] + 1}] 
SS[x_] := (SA[x] + SB[x])/2 
n=Input["Input a number:"]; 
k=Ceiling[(n-1)/6]; 
m=0; 
While[True, 
  m=6k+1; 
  If[SS[m]==1,Break[]]; 
  m=6k+5; 
  If[SS[m]==1,Break[]]; 
  k=k+1;] 
 
[2] C. P. Willans, On Formulae for the nth Prime Number, The Mathematical 
Gazette, Vol. 48, No. 366, December, (1964), 413-415 
[3] E. S. Rowland, A Natural Prime-Generating Recurrence, Journal of Integer 
Sequences, Vol. 11, (2008), Article 08.2.8 
[4] G. Tenenbaum, and M.M. France, The prime numbers and their distribution. 
Providence, American Mathematical Society. RI, 2000. 
[5] IEEE. IEEE P1363: Standard Specifications for Public Key Cryptography. 
IEEE P1363a D11, Amendment 1: Additional Techniques. December 16, 
2002. 
[6] M. Deléglise and J. Rivet. Computing π(x): The Meissel, Lehmer, Lagarias, 
Miller, Odlyzko Method. Mathematics of computing. Vol. 65, (1996), 
235-245 
[7] M. Joye, P. Paillier and S. Vaudenay. Efficient Generation of Prime Numbers, 
vol. 1965 of Lecture Notes in Computer Science, (2000), 340-354, 
Springer-Verlag. 
[8] S. M. Ruiz, Applications of Smarandache Functions and Prime and Coprime 
Functions, American Research Press, Rehoboth, 2002.   
[9] S. M. Ruiz, The general term of the prime number sequence and the 
Smarandache Prime Function, Smarandache Notions Journal 11 (2000) 59. 
[10] T. Oliveira e Silva, Computing π(x): The combinatorial method. Revista do 
Detua, vol. 4, n◦ 6, march 2006 
[11] V.S. Igumnov, Generation of the large random prime numbers. Tomsk State 
University Russia. Electron Devices and Materials. (2004), 117- 118 
[12] W. Narkiewicz, The development of prime number theory: from Euclid to 
Hardy and Littlewood, Springer Monographs in Mathematics, Berlin, New 
York: Springer-Verlag, 2000 
